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AHaJIUTHYECKHE U YHUCIICHHbIE METObI UCCIIEIOBAHMS B MAaTEMaTHKE
Juddepenunansuple ypaBHEHUs, MAaTEMAaTUYECKUI aHAIIU3 U YUCIICHHBIE METOIbI

AHAJIMTUYECKHUE
N YUCJIEHHBIE
METOAbI UCCJIIEJOBAHUA
B MATEMATHUKE

Jughdpepenyuanvuvie ypasnenus,
MamemamudecKuil AHa U3
U YucjieHHble MeMmoobl

JI. C. AGy4uHna, I'. JI. KapacéBa
(ITY um ®@. Cxopunsl, ['omens)

ONTUMMU3BALIUA JMHAMUYECKON CUCTEMBI
B KJIACCE MHOI'OMEPHBLIX YIIPABJIEHUI

Ha ¢ukcupoBaHHOM NpPOMEKYTKE BpEMEHHU | = [O,t*J paccMOTpUM 3a-
Jla4y ONTHUMAJIbHOTO YIpaBieHUs ¢ (Pa30BBIMU OTPAaHUUYCHUSIMU
I(u)=cxt*)—>max
x=AX+Bu, x(0)=Xx,,
lu(t)| <1 teT.

3neck x=Xx(t)eR", u(t)=(u(t),...,u,(t), teT, - r-mepuoe ympas-
JeHue B MOMEHT BpemeHu t; A — mocrosiHHass NxN- marpuua, B — mo-
CTOSIHHasE Nx[r-marpuna, I >1;H — mnocrosHHas mxn-marpuiia,
rankH=m<n;c, g., g°* €R".

[ToHATHS 1OMYCTUMOTO, ONITUMAILHOTO U CYOONITUMAJILHOTO YIIPABICHUS
u= (u (t ),t € T) Y COOTBETCTBYIOIIEH TPACKTOPUU BBOJUTCS CTAHIAPTHO.

dopMya npupanieHuss KpUTepusl KauecTBa UMEET BUL:

AJ(u)= [w'(t)BAu(t)dt,
Th
rae w(-)=(y(t), teT) - pemenue cuctemsr
w=—At)y, v (t*): c'—y'H.

CdopmynmupoBaH KpUTEPH ONTHUMAIBHOCTH VISl HCCIICTYEMOU 3a1auH.
Ha ocHOBaHMM MOJy4EHHOTO KPUTEPHUS ONTUMAIBHOCTH MPEIOKEH KOH-
CTPYKTHBHBIN aniroputM. OO11as cxema ajJropurmMa COCTOUT U3 ABYX IMpPO-

ueayp. C noMolpio NepBoil Npoueaypbl CTPOUTCS TPUOIUKEHHOE pellie-
HUE 33J1a4d ONTUMAJIBHOTO YNPABJICHUS U MO0 3TOMY PELICHHUIO UACHTU(U-
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UPYETCsl CTPYKTypa U BBIYUCISIETCS MPUOTUKEHHOE 3HAUCHUE OIpeje-
JSFOIINX 3JIEMEHTOB.

Janee, HaxomsTCsS 3HAYEHUS OMNPEAEISIONIMX 3JIEMEHTOB, CO CKOJIb
YTOJIHO BBICOKOW TOYHOCTBIO M MO M3BECTHBIM MapaMeTpaM BOCCTAHABIIU-
BAETCA PEIICHUE UCXOJIHOW 3amaun. Haxoxenue napaMeTpoB OCyIIECTB-
JSAETCA IYTEM PEUICHHS CIEIUAIbHON CHUCTEMBI YPABHEHHUN METOJIOM
Hprotona. [IpoBepsroTCs COOTHOLICHUS ONTUMAJIbHOCTH, U B CIIy4ae HX
BBITIOJIHEHUSI CTPOUTCS ONTHMAIbHOE yNpaBjieHuEe. B mpoTUBHOM ciydae
CUMTAETCsI, YTO HadalbHass MHGOpMAIUs sl MPOLEAYPhl JOBOJKH ObLIa
HEKayeCTBEHHas. Bo3BpamaeMcsl K MepBOl YacTU alropuTMa. 3aTeM, HC-
X015 U3 HOBOU MH(pOPMAIINH, 3aHOBO OCYIIECTBIISIEM MPOIEAYPY TOBOIKH.

JI. C. AGyuuna, A. C. MakcuMeHKO
(ITY um ®@. Cxopunsl, ['omens)

JAUCKPETHASA 3AZTAYA OIITUMAJIBHOI'O YIIPABJIEHUA
C ®A30BbIMUA OI'PAHUYEHUAMU KAK 3ATAYA JII

PaccMOTpUM TUHAMUYECKYIO CUCTEMY C (Da30BBIMU OIPAaHUYCHUSIMU
J(u)= c’x(t*)—> max,
X(t+1) = AX(t) +bu(t), x(0)=x,, Hx[t')=g,teT, ={L..t"}

. <dX) <a’, ju®)] <1, teT ={01,...t —1},
3nech X(t) — N-BeKTOp COCTOSHUS CHCTEMBI B MOMEHT BpEMEHH t;
u(t), teT, — ckanmgpHoe ympasistoniee Bo3aeiicteue; A, H — moctosH-
uele Matpuiel, rank H =m<n; ¢, b, g, d — 3agaHHBIe BEKTOPHI COOT-

BETCTBYIOIIHX Pa3MEPOB; ¢ , Ot — 3aIaHHBIC 3HAUCHHSL.

[ToHsiTHA 1OMYCTUMOTrO, ONTUMAIBHOTO U CYOONTUMAIBLHOTO yIpaBiie-
HUS U COOTBETCTBYIOIIEH TPAEKTOPUH BBOAUTCSA CTAHAAPTHO.

Ucnons3ys popmyny Komm nosyunm 3anayy 3KBUBAJICHTHYIO MCXOJ-

HOU 3aJ]a4HU.
;C(t)u(t)_) max ,
ZTh(t)u(t)z g, @< tZT:d(t)u(t)s a*, )<, teT={p1..t" -1},
rae

ct)=cF(t" th, ht)=HF(t"th, g=g-HF(t"~1)x,,
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= —dF(t,-1)x,, @ =a —dF(t,-1)x, d(t)=dF(t,)b.
ITonydyeHHas 3aga4ya coBnajgaeT ¢ UHTepBaabHOU 3anaueit JIIT u numeer Bux:

_*x — —x
X —>max, b, <AX<b , d.<x<d,
X

!

r7ie BEKTOp C MMEET CTPYKTypy C = (C'At*_t_1 b,teT); marpuna A u Bek-

Topa b., b umeror cTpykrypy

r at—7 r at—7-1 O a
K:(d A d’ A J \

HAY HA L teT b=l b=
L g g

Bektop X = (u(t),t eT). Bekropa d. u d " MIMEIOT BUII COOTBETCTBEH-
HO du=(-1----1); d =(L---1).

Hcxons U3 3TOro MOHATUS U KOHCTPYKIMU aJallTUBHOIO METOAA, pe-
LICHUs UHTEpBAILHOU 3a7auu JII1 nepeHecenbl HCXOAHYIO 3a1a4y.

H. A. Anémun, I'. JI. Kapacésa
(ITY um ®@. Cxopunsl, ['omens)

OOPMYVYIJIA IPUPALIEHUSA KPUTEPUA KAUYECTBA
3AJAYA OIITUMAJIBHOI'O YIIPABJIEHUSA
C HET'VIAIKUM KPUTEPUEM KAYECTBA

B kacce KycouHO-HENPEPBIBHBIX (DYHKIHH PaCCMOTPHUM 3a/a4y':
mz#x\d X(t) — min
te
x=Ax+bu, x(0)=x, Hxlt')=g, [ut)<i teT=|o,t"}
3necy x=x(t)eR", u=u(t)eR, AcR™ ; HeR™"; rankH =m<n,

b, d-—3agaHHBIC BEKTOPBI COOTBETCTBYIONIUX Pa3MEPOB.

dopManbHO UCXOJIHAA 3a/1a4a 3anucaHa 6e3 pa3zoBbIX OrpaHUYEHUH, HO
UMEET HEIIaJIKUi KpuTepuil kadectBa. OHa HKBUBAJIEHTHA 3aJaye OITH-
MaJIbHOTO yIpaBlieHUs ¢ ()a30BbIMU OTPAHUUCHUSIMHU
J(a,u) = —a — max
a,u

X = Ax+bu, x(0) = x,, Hx(t*):g, d’x(t)|£’oc, u(t)|<1 teT=[0,t"].

[loHaTHsT JOOMYyCTUMOW, ONTUMAJbHOW M CyOONTUMAJIbHOW Maphl
(a, u(-)), rae u() = (u (t), te T) U COOTBETCTBYIOIIUX TPACKTOPUU BBOAUTCS

CTaHIapTHO.
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BBeicHa COBOKYITHOCTB OTPE3KOB

T=ln.c'], < <ry ieN={1..p}; N.=fieN:r<),
No=N\N., N* AN" =@, N.=N:UN: NS ANS =0.

HOqueHa (bOpMyJIa HpI/IpaHleHI/Iﬂ KpI/ITepI/IH KaucCTBa

AJ(u):(—1+ D+ ZvijAa+ [v'(ObAu(t)dt + >V Awo(z; )+

ieN™ ieN* ieNg

d'b
OyHKIMA 1//() (w(t) te T) ABJISIETCS] PEILIEHUEM CHUCTEMEI

v =—A)y, v'{')=c—yH, v(-0)=y(+0)-dv, ieN,
Alt)=A teT\ UT, Alt)=zA teT, ieN,,

|€ *

vy ( ) Aa)( ) LO)b Ao (7,)+ MA@ (t)dt
ieN, J.

rIe Y— BEKTOp NOTEHIMAJIOB TEPMUHAIBHBIX OIpaHUYEHUH, V,— CKauku
KOTPaeKTOPHUHU.

E. B. banwkesu4, 0. M. ByByHuksin
(I'pI'Y umenu . Kynanei, ['poaHo)

_ ACUMNTOTUYECKOE CBOMCTBO
BEUBJIET-IIPEOBPA30OBAHUS 1JIS1 CJIYYAS,
KOI'TA TAPAMETP PACTSI)KEHUSI CTPEMUTCS K HYJIIO

PaccmarpuBaeTrcsi  BelBieT-ipeoOpa3oBaHUe MEIJIEHHO PacTyLIUX
00o6mennbix Gynknuil. [lycts S mpoctpanctso LlIBapia — mpocTpancTBO
O0eckoHeuHO (P GHEepeHIUPYEMBIX OBICTPO YOBIBAIOMNX KOMILJIEKCHO-
3HAYHBIX (QYHKIHHA, S’ eCTh MPOCTPAHCTBO BCEX MEICHHO PAaCTYIIUX
0000IIEHHBIX (YHKITHIA.

BeiiBner-npeobpazoBanue Ajis 0000HIEHHOW (YHKIIMU MEMJIEHHOTO
pocta, To ecth a1t T € S’ m BeliBnera @ € S, onpenesnsiercs paBeHCTBOM

W(pf(a, b) = f *(oaXb),
rae ¢, €S, @, =al¢[Laj, a>0,beR.

JlokazaHo, 4TO BeUBJIET-IpeoOpa3zoBaHne 000OIMIEHHBIX (DYHKIIUA MEI-
JIGHHOT'O POCTa MOKET OBITh MPEJICTABICHO CJICAYIOIIUM PAaBEHCTBOM
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W, f (a,b) = (f (0),6” ¢(am)), (1)

roe f u ¢ — npeobpazoBanue Oypre GyHKIMA f U @ COOTBETCTBEHHO.
N3 npencraBnenus (1) BBIBOOUTCS Cienyroliee CBOMCTBO paccMaTpH-
BaeMOT0 BeWBieT-TIpeoopa3zoBanus mpu a — 0.
Teopema 1. Ilycmo W T  seiienem-npeoopasoeanue ¢ynxyuu f €S’
onpedenentoe pasercmeom (1). Toeoa cywecmayrom makue m,kK € N, umo
_ —2m k
W f(a,b)=0(@”" |b[*), npu a—0,beR.
PaccMOTpeHO HECKOJIBKO TPUMEPOB.
1. IIycts W o, (a,b) - BeliBneT-npeodpasopanue 0000MEHHON (QyHKIMH
0, (cmemennoit J -pynkunn). [Tomyyena cnenyromnias oleHKa
W S (a,b)<Ca’|z|'=0(@@™" |z[").
(") . i . _
2. Tlycts W 6™ (a,b) - BeliBner-npeoOpasosanre 0600meHHON QyHK

(r)

uun o' . Ilomydena ciaemyronias oleHKa

W 5 (a,b)<Ca’ [b['=0(a™ |b[").

Takum o0Gpa3oMm, MOJIy4YeHHBIE OLIEHKH B MEPBOM M BTOPOM MpPUMEPE
COOTBETCTBYIOT Teopeme 1.

M. C. besokypcknuii, A. K. Jlemenuyk
(I'TY um. ®. Ckopussl, ['omernn)

HNEPUOIUYECKAS OTPAKAIOIIASA ©YHKI U _
KBASUITEPUOAUYECKOHU IMHEUHOU HEOJHOPOJHOU
JANPOPEPEHIIUAJIBHOU CUCTEMBI

Teopema. [lycme mampuya A(t) umeem nepuoo @, a eexmop-
pyuxyus f(t) —nepuoo w,. /[na mozco umobwr cucmema

x=Alt)x+ f(t), teR, xeR" (1)

umena ,-nepuooudeckyro no t ompaoicaowyro Qynukyuio
—t
F(t,X) = x+j f (s)ds,
t

HeoOX00UMO U 0OCMAMOYHO, YMOObL BbINOJIHANUCD VCIOBUL:
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1) mampuunosnaunas  ¢gynkyus A(t) sersemcs newemnou, m. e.
A(—t) =—A(t), teR;

2) umeem mecmo moicoecmeo
—t
A(t)J f(s)ds=0 oxs 6cex teR,
t

3) cnpaseonueo paseHcmeo
@

[ f(s)yds=0.

0

3ameuanue. B ciayuae, Kkorjna 4yucia @ M @, — HECOU3MEPUMBI, TEOpE-

Ma J1aeT JOCTATOYHOE YCIIOBHE CYIIECTBOBAaHUS y KBa3HIEPHOINYECKOU
cucreMsl (1) w,-nepuoanyeckoii mo t orpaxaromeil QyHKINN.

Jluteparypa

1 Muponenko, B.1. Orpaxatomias QyHKIUS U UCCIEAOBAaHUE MHOTO-
MepHbIX nuddepenimansaeix cuctem / B.M. Muponenko. — ['omens
Mun. O6pazoB. Pb, YO «I'TY um. ®@. Ckopunsi», 2004. — 196 c.

P. B. beasiukuii, E. U. [Tanoukas, A. I1. Padoymxko, B. U. FOpunok
(BHTY, r. MuHCcK)

MATEMATHYECKAS MOJEJIb JIBUKEHUS TPEX TEJI
ITPU YYETE CBETOBOI'O JIABJIEHUSI
B HEBECHOM MEXAHUKE

B pabote u3ywaroTcsi 3aKOHBI JBUXKEHHS T€l B KOCMHYECKOM IIPO-
CTpPaHCTBE, TMOJYYCHbl U MPOUHTEIPUPOBaHBI AU(depeHInaIbHbIE YpaB-
HEHUS, SIBIAIOIINECS MAaTEMaTUUYECKOW MOJEIbIO IBUKEHUSI TPEX TE NpHU
YYETE CBETOBOT'O JABJICHHUS IBYX 3BE3/ HA TPETHE TEJIO.

AKTYyaJTbHOCTh HCCIIEJIOBAaHUS OOYCIIOBJIEHA HEOOXOIMMOCTBIO Ooiiee
TOYHOT'O MPOTHO3UPOBAHUS JBWKECHUA MAIBIX Ted B COJHEYHOU CUCTEME
(KOCMHMUYECKHX anmnapaToB U CTaHIUW, aCTEPOUJOB, METEOPUTOB U T. 1.)
B CBSI3M C MHTEHCHUBHBIM OCBOEHHEM KocMmoca. [Ipencrasiser unrepec pe-
HIEHHWE CIEAyIomIen 3anaun. g cuctembl Tpex Ten — 3Be3/1a A1 — 3Be3/a
A2 — npoOHoe Teno (JacTuua) As, IBMXKYIIUXCS B MNIOCKOCTH x(OJy, HAUTH
BCE TOYKU (HOTONMOpAIINYU B CITydae OrpaHUYECHHON KPYTOBOM 3a/1auu TPEX

8
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cepruecKuX CUMMETPUYHBIX TEJ MPHU Y4YeTe MPSIMOTO CBETOBOIO (DJIEK-
TPOMarHUTHOI0) AaBJICHUA 3Be31 A1 U A2 Ha yactuny As. O603HauuB ye-
pe3 I, =0G(X;Y;) — pamuyc-BeKTOp 4acTHIBI  A,(x;,V,), €€ ypaBHEHHE
JIBUKCHYSI MOJKHO 3aIMcaTh B BEKTOPHOU dopme:

F3”('[) +y-(m —Ay) 1,/ (I’13)3 =y (Ag—m,) 1,/ (I’23)3, rae { — Bpemsi; Y — HblO-
TOHOBCKAs ITOCTOSIHHASI TATOTCHUS; |F13| = ‘AlAg‘, ‘Eg‘ = ‘AZ%‘ ; A13, A2z — pe-

OYUUPYIOIIME Macchl 3Be31l A1, A2, XapaKTEpU3YIOIIUE CHIIY CBETOBOTO
JaByieHus 38311 A1 1 A2 Ha 4acTUIy A3 COOTBETCTBEHHO; M1, M2 — UX Mac-
col. Ecm 413=0 u A23=0, TO cBeTOBOE JaBlieHHE Ha A3 HE YUYUTHIBACTCA U
YpPaBHEHUE HMMEET MSATh PEIICHUN: TPU SWIEPOBBI KOJUIMHEAPHBIE TOUYKHU
mubparnuu L1, Lz, L3 u 1Be nmarpaHxkeBble TPEYroidbHbIE TOUKH JIMOpAIIMU
L4, Ls. B cimyuae A1370 u A23#0 q0Ka3aHo, UTO CYIIECTBYET OCCUUCICHHOE
MHOKECTBO KOJUTMHEAPHBIX TOUYEK (PoTOMMOpaiuu, 3amojHsSIOIUX UHTEP-
BAJIBI HA MPSIMOM, IPOXOISIIEH Yepe3 LEHTPhI Macc 3Be31 A1 U A2, a TaKKe
OecunciIeHHOEe MHOXECTBO TPEYTOJIbHBIX TOYEK (poTonubOpaiuu, 3amoiHs-
IOIIMX Ha TJIOCKOCTH O0JacTh MEXAY JIBYMSI OKPYXKHOCTSIMU, IIEHTPHI KO-
TOPBIX HAXOAATCA B TOUKax A1 U A2, a paguycsl paBHbl o = A1A2. MHoOTO-
oOpaszue Toyek ¢GoTosnbpanu 0053aHO0 OECUMCIEHHOMY MHOXECTBY 3Ha-
YEHUI mapaMeTpoB A13, A23, 3aBUCAIIMX OT MOCTOSTHHBIX 3Be31 A1, A2 U1 OT
«mapycHocth» dactull As. [IpoBeeHHOE HCClieIOBaHUE B paMKax 3ajadu
TpeX TeJ TOKAa3bIBAET, YTO YUET MPSMOTO CBETOBOTO JABJICHUS MPUBOIUT
K MOSIBJICHUIO HOBBIX 3aKOHOMEPHOCTEW ABHXKEHUS TEJI, OTCYTCTBYIOIIHUX B
HBIOTOHOBCKOI HEOECHON MEXaHHKE.

O. U. Boponny, K. A. CMoTpunkmni
(I'pI'Y um. 4. Kynansl, I'poanHo)

CBOMCTBA UHTEPHOJSAILIMOHHBIX ITPOILIECCOB
C 3APAHEE ®UKCUPOBAHHBIMMU Y3JIAMHA

Hcnonb30BaHne MHTEPIONSIMOHHBIX (YHKIMI B KauyecTBE ammapara
npUOIMHKEHUST SBIISIETCS OAHUM M3 KJIACCHUECKHX METOJIOB TEOpUHU MpPH-
onvkeHuid. Bonpockl, CBSA3aHHBIE C MOJIUHOMUAIBHBIM CIIy4aeM J1I0CTaTOY-
HO XOpOIIIO M3Y4eHbI (M., HanpuMmep, [1]). 3amaun panmoHaaIbHOW HHTEp-
MOJISIUMA 3HAYUTENIBHO CIOKHEE U MEHEE MCCIEN0BAHbl. 3aMETUM, YTO JJIS
pelIeHUs] MHOTHX 3a/ad T€OpHH NPUOTMKEHUH MOXHO 3(PPEKTHUBHO HC-
M0JIb30BAaTh YMCIEHHBIE OJKCHEpUMEHTHI. Jls mpoBeneHus: Mmogo0HBIX
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UCCJIEIOBaHUH 11e71eCO00pa3HO MPUMEHSTh Pa3IUYHBIE CUCTEMbI KOMIIbIO-
tepHoit maremaTrku (MathCad, Maple, Octave u T. 11.).

Ilenpro HacTosmIeH pabOTHI SABIsSETCS HamucaHue B cpeae Maple crie-
[[MAJIbHON OMOIMOTEKH, MO3BOJIAIONINN CTPOUTH HMHTEPHOJSIMOHHBIE pa-
nuoHaNbHble (yHKIMU Jlarpanka Ha OTpe3Ke B ciyuyae, Korja OJAWH WU
HECKOJIBKO y3JI0B UHTEPHOJUPOBAHUS 3apaHee (uxkcupyrorcs. OcranbHbie
y3JIbl BEIOUPAIOTCS B HYJISIX CHEHUANBHBIX PAllMOHABHBIX (DYHKIIUNA — KO-
cuHycC U cunyc apobeit UeOrnméBa — MapkoBa. B cuny Toro, uro 3agava
HAXOXJICHUS HYyJIeH TakuxX (PyHKUIUHA B OOIIEM cllydae IOCTATOYHO TPY.O-
€MKa, HAMH TIPUHSTO PEIIEHUE OCTAHOBUTHCS JIMIIIb HAa TEX CIydasiX, Korja
UX MOKHO BBIYMCIIUTH aHAIMTUYECKHU.

NmenHo, a1t Toro, uToObI 3a51aTh podu Yebbiméra — MapkoBa HEOOXO-
MO BBIOpaTh HaOoOp mapamerpoB. B pabote paccMaTpuBaroTCs ciydau, KO-
IJla 9TU MapaMeTPhl SIBJISIFOTCS MPOTUBOIOJIOKHBIMU JIEHCTBUTEIHLHBIMUA YHC-
JaMU @i = &, Qi+ = —a,a € [0,1),k = 1,2, ..., n, WIK TOMAPHO CONMPSIHKCH-
HBIMH KOMIUICKCHBIMM YMCIIAMM Q@ = i@, Qpsy = —ia,a = 0,k =12, ..., n.
Tenepp N1 MOCTPOCHHUS MCKOMON HMHTEPHOJAIIMOHHON (DYHKIIUM AOCTa-
TOYHO HAWTH HYJIM COOTBETCTBYIOIIEH KOCUHYC WJIW CHHYC apoou YeObI-

méBa — MapkoBa M BOCIIOJIb30BAThCS COOTBETCTBYIOMICH (HOPMYIIOH (CM.,
Hanpumep, [2]).

Jlureparypa

1 Harancon, W.II. KoucTpykTuBHass Teopuss  QyHKuud /
W.I1. Hatancon. — M. — JI. : 'ocrexuznar, 1949. — 688 c.

2 PoBbOa, E.A. PammonanbHO€ WHTEPIOIUPOBAHUE B HYJSAX CHHYC-
npobeit YeonimeBa — Mapkoa / E.A. Pos6a, K.A. Cmorpunkuii // Jlokna-
et HAH benapycu. — 2008. — T. 52, Ne 5. — C. 11-15.

A. C. 3eaenasn, /1. B. Jleonenko
(benl'VYT, I'omens)

IOCTAHOBKA 3AJAYHN
OB U3I'MBE IPSIMOYTI'OJILHOU TPEXCJIOMHOMN
IJIACTHUHBI CO COKUMAEMBIM 3AITOJTHUTEJEM

Panee B pabotax [1, 2] ObUIO HCCIEIOBAHO CTAaTUYECKOE M JUHAMUYE-
ckoe Je(opMHUpPOBAHUE TPEXCIOMHOTO CTEPXKHS CO CKUMAEMBIM 3aIlOJTHH-
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teneM. B craree [3] paccMOTpeH HM3rud TPEXCIOMHOW MNpPsIMOYTOIbHOM
IIJJACTUHBI HA YIIPYTOM OCHOBAaHUH C HECKMMAEMBIM 3aIlOJTHUTENIEM. 311€Ch
BBITIOJIHEHA MMOCTAHOBKA 3a/1auld O CTaTUYECKOM Je()OpPMHUPOBAHUU MPSMO-
YTOJIBHBIX TPEXCIOWHBIX INIACTUH CO CKUMAEMbIM 3aIIOJIHUTEIIEM.

PaccmarpuBaercss HeCUMMETPUYHAS 110 TOJIIUHE YIIPYyras TpeXClIouHas
IPAMOYIOJIbHAS IUIACTUHA, COCTOALIAs U3 IBYX HECYLIUX CIOEB U CXKUMA-
eMoro 3anonHureid. Hecymue cion npeaHasHayeHsl i1 BOCIPUATUS OC-
HOBHOM YaCTH MEXaHWYECKOM Harpy3KH, 3alOJIHUTENIb 00eCIeunBaeT Ie-
pepacIpeneneHue yCuiun MeK 1y HECYIIUMU CIIOSMHU.

JUis W30TPONHBIX HECYIIMX CJOEB MPHUHATHI TuUnore3bl Kupxroda.
B ’xecTkoM 3aronHuTENe CIpPaBeIMBbl TOYHBIE COOTHOLIEHUS TEOPHUU
YIPYTOCTH C JIMHEWHOMN allIpOKCUMALIMEN ITEPEMELEHUN €ro TOYEK OT I10-
IepeyHor KoopauHarhl Z. Ha rpaHunax KOHTakTa IEpEeMELIEHUs HeElpe-
pBIBHBL. Marepuaiibl HECYIUX CIIO€B HECXKUMAEMBI B IIOIIEPEYHOM U IIPO-
JOJTbHOM HalpaBJIEHWH, B 3arOJIHUTENIE yuuThIBaeTcs oOxkarue. Cucrema
KOOPAMHAT X, Y, Z. CBA3BIBACTCS CO CPEAMHHOM IIJIOCKOCTBIO 3aIOJIHUTEII.
Ha koHType miacTuHBI IMpearoyiaraeTcsi HalM4Khe MECTKOW Auadparmsl,
IPEIATCTBYIOIEW OTHOCUTEIIBHOMY CIBUIY CJIOEB.

CucreMbl ypaBHEHUM PAaBHOBECHS IUIACTHHBI B YCUJIMAX M NEpEMeEIle-
HUAX MOJTYYEHBI IPU MOMOLIY BAPUALMOHHOTO IpUHLHKNA Jlarpanxa.

Cucrembl ypaBHEHHI paBHOBECHS IUIACTUHBI B YCWIMSAX U IEpeMeLie-
HUAX ITOJTYYEHBI IIPY IOMOIIY BAPUALMOHHOTO IpUHLHNA Jlarpanxka.

Jlureparypa

1 Starovoitov, E.l. Deformation of a three-layer elastoplastic beam on
an elastic foundation / E.I. Starovoitov, D.V. Leonenko // Mechanics of
Solids. — 2011. — Vol. 46, Ne 2. — P. 291-298.

2 Jleonenko, /[.B. KoneOanusi TpexclIOoWHOTO CTEPKHS TMOJ ACHCTBHEM
UMITYJIbCHBIX Harpy3ok pazmudnbix Gopwm / [[.B. Jleonenko // Marepuaisi,
TexHoJoruu, uHCTpyMeHTsl. — 2004. — T. 9, No 2. — C. 23-27.

3 CraposoiitoB, 2.1. 13rub npsMoyroapsHON TPEXCIONHON TIaCTUHBI
Ha ynpyrom ocHoBanuu/ 2.W1. Craposoiitos, E. I1. loposckas // [Ipobne-
MbI MammHOCTpOoeHUs u apromaru3anun. — 2006. — Ne 3. — C. 21-28.

11



Marepuansl XX Pecriy0innkaHcKkoi HaydHOW KOH(QEPEHIIMU CTYACHTOB U aclIPAHTOB
«HoBbIe MaTeMaTH4eCKUE METOBI M KOMITBIOTEPHBIE TEXHOJIOTHH B IIPOCKTUPOBAHNUH,
IIPOU3BOJICTBE U HAyYHBIX HcClIe0BaHUAX», ['omens, 20-22 mapta 2017 .

H. 10. Ka3znoyckas, 5. A. Poyoa
(I'pAY ims S1.Kynansl, I'poana)
ABb HABJIIZ’KOHHI ® YHKIBII |sin x| PAIIBISIHAJIBHBIMI
AIIEPATAPAMI ®EEPA

PanpistHanbHbIs HAOMDKAHHT QyHKIIBI | SIN X | BeIBy4anics ¥ padorie [1],
y SKOM Taka3aHa, IITO payHamepHae HaOIDKIHHE (YHKIBI |SINX|
JaCTKOBBIMI CyMaMml palbISHaIbHBIX Idparay dyp'e icToTHa jemniiae 3a
najiHamiajgbHae Yy CIHCE mapaiky. Y naja3eHail palolie Jacieayroiia
HAOMKIHHI PYHKIIBI |SIN X | pampisHaIbHBIMI aniepatapami Deepa.

Hsaxait «,, K=1,2,..,2n — povaicHblsA JiKi, SKis 3aJaBaJbHSIOIb
HACTyIHBIM yMoBaM: «, =0, a,, ,,=—¢,, 0<¢, <Lk=1..,n. [
anBonbHail pynkuel f € C, BbeI3HaubIM aneparap Peepa

A

@, (X, f):[: f (t)D2, (t,x)dtj/ﬁ Dzzn(t,x)dt],

T

. _X—t
D, (t,X) =/ sin j /‘LZn(u)du)/[smTj,

n

PIN(T) Pt QU

2 S @A+al) —4alcos’u’
VBsin3em aba3HaudHHe &, (2, X) = Sin X|-D,, (x,[sinX][), xe R,
Trapama. Hsixaii 3aman3ensis jiki ¢, , o, €[0,1), k =1,2,..., Takis, mro

+00
mpar Z(l— | @, |) pazbsracuna. Taxer npaya3iiia cyiaublHEHHE
k=1

an (O[, X) =

(1+ cosxIn

X 1
7220 (X) thJ*"bZn(x)j’ n—w, xe(-7,0U(,7)

Kam x=0 wmw X=7x, TO mpaya3slla HACTYNHbIA HSIPOYHACLI

4Ind, (12) @ )<4(1+In(mn(0)).
775, (0) e 720(0)
JliTapatypa

1 PosbOa, E. A. O npubmmwkennn (yHKIUK |SINX| panroHaIbHBIMU
psanamu Oypoee / E. A. PoBOa // Mar. 3ametku. — 1989. — T. 46. — C. 52-59.
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AHaJIUTHYECKHE U YHUCIICHHbIE METObI UCCIIEIOBAHMS B MAaTEMaTHKE
Juddepenunansuple ypaBHEHUs, MAaTEMAaTUYECKUI aHAIIU3 U YUCIICHHBIE METOIbI

E. II. Keuko, A. II. CtapoBoiiToB
(ITY um. ®. Ckopunsl, ['omens)

ACUMIITOTUKA JUAT'OHAJIBHBIX MHOT'OYJIEHOB
IPMUTA - ITAJAE

k
PaccmoTpum {Anp(z)}pzo — JIMaroHAJIbHbIE MHOTOYICHBI JpMUTA —

k

Y3
[Tage 1-ro poma (cm. B [1]) mias cucTeMbl 3KCIOHECHT {e pz} e

p=0°
~ k ~ ~ ~
Ay o_o — Pa3TMUHbIC KOMIIEKCHBIEC YHCIa ‘/10‘ < ‘ﬂi‘ <...< ‘lk ‘, Jexariue
Ha MpSMON B KOMIUIEKCHOM MJIOCKOCTH. IMEHHO, MyCTh ﬂ,p = e'“ﬂ,p +b,
k .
0<p<k,a {/lp }p—o — pa3Nn4yHbIE JEUCTBUTEIbHbBIC YUCIIA.

ChopmynupoBaHHas jajgee Teopema sBJIsIeTCs 0000IeHUEM COOTBET-
CTByIOIIIEr0 pe3yibTaTa u3 [1]. B €€ dhopMynupoBke HCIOIL3YIOTCA 000-
3HA4YCHUS, MPUHATHIC B [1].

Teopema 1. /I xaxaoro ¢pukcupoBaHHoro z € C u N — oo

1 iy
A (2) = il D B, (x,)e® "7 (1+0(/n)),

1 ia )
AV D) = g Ba (o™ T L OW M)

1 eia(xp
- piknen-Da B, (Xp)e

r1p0@/n), p=Lk-1,

AS(2) = g By (%) P (L O/ ).
e

Jluteparypa

1 AcradbeBa, A. B. Anmpokcumanun Opmurta-Ilage s3xcmoHeHIMATb-
HbeIX QyHkuuii / A. B. Acradnesa, A. I1. CrapoBoiiToB / MaTemaTudeckuii
coopuuk. — 2016. — T. 207, Ne 6. — C. 3-26.
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N. C. KoBajneBa, A. P. Muporun
(ITY um. ®@. Cxopunsi, ['omens)

OBOBIUIEHHBINA OITEPATOP MAPKOBA -
CTUJTBECA B ITPOCTPAHCTBAX XAP/IN

Lenpto manHOM paOOTHI SBIAETCS NMEPEHECEHUE Psila pe3yJbTaToB, MO-
aydeHHbiX B [1] mis omepatopa MapkoBa — CtumiTheca S, Ha ciydait
o0o6menHoro omnepatopa MapkoBa — CTHiTheca, 3aBUCSIIETO OT KOM-
TIEKCHOTO MapaMeTpa o, B mpoctpanctsax Xapmu H P(D).

Onpenenenne. IIycts o € N. O6o6wennoe npeobpasosanue Mapko-
sa_ — Cmunmveca n3mepumoit pyukumu f :(0,1) - C3amaercs cnemyro-
MM COOTHOIICHHEM

Saf(z)::}&dt.

ol—atz
Teopema. 1) Iipu ‘a‘ <1 cnpaseonuswvi crnedyouue ymeeparcoenus:

a) Obobwennviii onepamop Mapkoea — Cmurmveca S, A61Aemcs

xomnaxmuviv ¢ HP (D).
0) Obobwennviti onepamop Mapxosa — Cmunmveca S, aensemcs one-

* te' k
S, < dt | .
H HH2—>H2 g(et _‘a‘ZXet —l)

2) Ilpu ‘a‘ =1 obobwennviii onepamop Maprosa — Cmunmveca S,

pamopom 'unvoepma — [lImuoma ¢ H 2(D), npuyem

oepanuuen ¢ HP(D), npuuem
T

HSaHH P_yHP < T

max{p, q}

3) Obobwennviii onepamop Maprosa — Cmunmeeca S, He Oelicmgyem
¢ HP(D) npu |a| >1.

Sin

Jluteparypa

1 Mirotin, A.R. The Markov-Stieltjes transform on Hardy and Lebes-
gue spaces / A. R. Mirotin, I. S. Kovalyova // Integral Transforms and Spe-
cial Functions [Electronic resource]. — 2016. — Mode of access:
http://dx.doi.org/10.1080/10652469.2016.1247074. — Date of access:
19.12.2016.
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AHaJIUTHYECKHE U YHUCIICHHbIE METObI UCCIIEIOBAHMS B MAaTEMaTHKE
Juddepenunansuple ypaBHEHUs, MAaTEMAaTUYECKUI aHAIIU3 U YUCIICHHBIE METOIbI

E. B. KoBasnesckas, A. A. Ilekapckuii
(I'pI'Y um. 4. Kynansl, I'poaHo)

IOCTPOEHUE NMMPOU3BEJAEHUM BJSIIIKE
OTHOCHUTEJIBHO CIIEUAJIBHBIX BECOB

n o
IlycTh KOMILIEKCHBIE YHCIIA {Zk}k:1 IIPUHAJIEKAT [PABOU ITOIYIIOC-

KOCTH I1= {Z :Rez > O} : Torga paroHaabHas byHK-

n
s B, (z) = [ [(z-2)/(2+%), waseBaercs mpomssenenmem bsmke
k=1

CTEIIEHU N 1A HonyIuiockoctu I1.

Teopema 1[1]. /[na mobwvix <0 u neN cywecmsyem npoussedernue
Brsiuxe B (X) ons nonynnockocmu [1 ¢ nynsimu nuwe na (0,1] maxoe, umo

In” e/x-|B, (x)|<c (B)n”, 0<x<1.

Teopema 2[1]. [{na no6bix >0, feR u neN cywecmsyem npous-
geoenue buswke B, (X) ons nonyniockocmu 1 ¢ nynsimu auwe na (0,1]
makoe, 4mo

x* In” e/x-|B, (X)| < ¢, (@, f)n"e™'" 0<x<1.

Teopemsl 1 ¥ 2 NpUMEHSIOTCS ISl U3YUYEHUS HAWIYYIINX PABHOMED-
HBIX NpuOImkeHuil ¢yHkuuii MapkoBa. DTH TEOpEeMbl HE YIJIyYIlIaeMbl
B TOM CMBICJIC, YTO NPU YKA3aHHBIX & W [} TOJy4EHHBIC OLICHKHU SBIIAIOT-

Csl TOUHBIMH OTHOCHTEIBHO IMOPsJIKa YOBIBAHMS MPABBIX YaCcTEH ATHUX He-
paBEHCTB Korjaa N —» 00, UMerT MecTo clieAyrolne TeopeMbl 3 U 4.

Teopema 3. Ilycmv <0 u neN. Tocoa ora nr0b6020 npouszgedenus
Fbrawxe B, (X) ons nonynnockocmu 11 evinonnsemces nepasencmeo

max(lnﬁ e/x-|Bn(x)|) >c(B)n”.

0<x<1

Teopema 4. Ilycmv a >0, feR u neN. Toeda ona 106020 npousse-
Oenusi brswke B, (X) onsa nonyniockocmu [1 evinonnsemes nepasencmeo

max(x“ In” e/x-|Bn(x)|) > o(ar, B)n*? eV

0<x<1
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Jluteparypa

1 Koganesckas, E.B. IlocTpoeHue sKCTpeMalbHBIX MHPOU3BEICHUIN
brnsmke / E. B. Kopanesckas, A. A. Ilekapckuit. Becnixk I'p['Y im.
. Kynansl. Cep. 2. Marsmarbsika. ®izika. [Hdapmarbika, BbUIiHaIbHAS
TAXHIKa 1 KipaBanHe. — 2017. — T.7. — Ne 1.

I'. 1. Kocreukui, /I. C. Ky3bMeHKOB
(ITY um. ®@. Cxopunsl, ['omenp)

PEIIEHUE MPOCTON KYCOYHO-JIMHEWHOM 3AJIAYA
HA MUHUMAKC AJANITUBHBIM METOJ10OM

[Ipu pemeHnn NpakTUYECKUX 3a]1a4 4acTO MPUXOAUTHCS PElIaTh BBITYK-
JIbIE 337ja4M MAaTEMAaTUYECKOro POrpaMMHUpPOBaHUsl. BelTyKiible 3a1a4u mare-
MaTU4ecKOro MporpaMMHUpOBaHUs OBIBAIOT INIaakue M Heriaakue. Ocoboe
3HAYEHUE JJI1 TEOPUU U METOAOB ONTHUMM3ALMU UMEIOT KyCOUYHO-JIMHEMHBIE
3a7a4u, 1eNieBble (PYHKIMU KOTOPBIX 00pa3yroTcsl U3 HabOpa JIMHEHHBIX (yH-
KUMH P MTOMOIIM OTIEPALIMH B3STHSI MAKCUMYMa, MOJIYJISL U UX COYETAHUSI.

Panee KyCOUHO-JIMHENHBIE 33a/laydl HA MUHUMAKC CBOJWJINCH K JIMHEH-
HBIM 33JlayaM C MOMOLIbIO BBEJICHUSI JOMOIHUTENBHBIX OorpannueHuid. [lpu
TaKOM IOAXOJE€ YBEJIMUYMBAJICA pa3Mep pemaemoi 3aaaun. [Ipu nocrarou-
HO OOJBIIMX pa3Mepax HCXOAHOW 3aJauyM pellaTh MOJYyYEHHYIO 3ajady
OBLIIO 3aTPYIHUTEIHLHO, TOATOMY U ObUTH pa3pabOoTaHbl METOABI PEIICHUS
KYCOYHO-JIMHEHHBIX 3a/1a4 Ha MUHUMAaKC.

IIpocTtoil KyCOYHO-TMHENHOM 3a/1ayeli HA MUMHMMAaKC Ha30BEM 3a/1a4y:

f(x):Talz((cl’(x+ak)—>min, d.<x<d’, (1)

rie X =x(J);¢c, =¢,(J);d.;d"— n-Bekrophy; o, — ckamap; J={L2,..,n}
d*

ABTOpOM ObUT OOOCHOBAH aJaNTUBHBIA METOJl PEIICHUs MPOCTON KY-
COYHO-JIMHEWHOM 3aJ]a4d Ha MUHHMAKC. [[Ji1 3TOro mpeaBapuTesbHO BBE-
JIEHbI TIOHSTHUS OTMOPHI 1eJeBOM (YHKIMU, TPABUIBHOM OMOPHI, OMIOPHBIX
IJJaHa W KOIUIaHa, MOJIydeHbl (OPMYJIbl MPUPAIICHHUS MPSIMOM M JIBOM-
CTBEHHOHW II€JIeBBIX (YHKIMH, JOKa3aHbl KPUTEPHUH ONTHUMAIHHOCTH B
npsIMOM M JIBOMCTBEHHOM 3a/auax. /J[opaboTaH aqropuT™m MU co3JaHa Ipo-
rpamMMma, peajin3yromas aJalTUBHBIA METOJ PELICHUS PACCMATPUBAEMON 3a-
nauu. IIporpamma, peanuszoBadHast B cpeae Delphi B Buje MHOTOOKOHHOTO

K ={12,.., k}. 3agaua (1) umeeT peuieHue npH |

<o <
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NPWIOKEHHUSI, TO3BOJIIET CUUTHIBATh U 3aIHUCHIBATh B (Pailil KO3 (HULIUEHTHI
BEKTOPOB M CKaJsIpoB. Peann3oBan ynoOHBIA BBIBOJ pe3yIbTaToOB: 0TOOpa-
KEHUE ONTHUMAJILHOTO IJIaHa, HEBSA30K, OLIEHOK, OTIOP LEIEBON (PyHKIUU IO
JBYM MHO>KECTBAM MHJIEKCOB, KOJUYECTBA UTEPALMI U ONTUMAIBLHOTO 3HA-
yeHus 1eneBor GyHkuuu. B mporpaMmmMe npeaycMOTpeHa Bbladya cooOre-
HUM O HECOBMECTHOCTH OTPAHUYEHHM IPSIMOM 3aJa4l U OTCYTCTBUHU Y HEE
mwaHoB. [IpegycMoTpeHa BO3MOXKHOCTh W3MEHEHWS 3HAYEHUN CKaJsApOB,
N-BEKTOPOB U X KOJIMYECTBA O€3 Mepe3anmycka MporpamMmabl.

E. B. Ky3bmuna, E. B. I'punyk
(bpI'Y um. A. C. Ilyumikuna, bpecr)

PE3OHAHQHBIFI MHOI'OYJIEH YPABHEHUI
OBOBIIEHHOU UEPAPXUHU YPABHEHUS PUKKATH

O06006111eHHY0 HEPAPXHUIO YpaBHEHUSI PUKKAaTH MOXXHO 3amucaTh B BUJE

Daw=0,n=12,3,..., (1)
rae oneparop D, umeer Bua
DRZ%-I-]/W,]/EZ. (2)
ITomyyaewm:
mpu n=1 W+ yw? =0, 3)
npu N =2
W+ 2w + 3yww' =0, (4)
npu N =3
W+ 7°w* + 6 WAW + dyww” + 3yw'? =0, (5)
npu N=4

WY 7 W +107°WPW +1072WAW' +157°Ww'? + 5yww” +10yw'w” =0. (6)
MO>HO NOJAYYUTH PEKYPPEHTHOE COOTHOLIEHNE HA PE30HAHCHBIA MHO-
rowreH [2] ypaBHenuii 0000IEHHON HepapXuK ypaBHEHUs PUKKATH U J0-
Ka3aTh TEOPEMY.
Teopema. Pezonancuviii Mmro2ounen ypasuenui 0600uenHol uepapxuu

ypa6H€Hl/l}l PMKKClmu umeem 614()
m-1 n-m-1

R,(co.r)=]](r+i+1) ] (r-s-1). (7)

j=0 s=0
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Jloka3zaTesqbCcTBO. B 3aBUCMMOCTH OT C,, MOXXHO YOCIUTBCS, HAIPH-

Mep, C MOMOUIBIO MMAKETa CUMBOJIbHBIX BBIUHUCICHUN, YTO PEKYPPEHTHOMY
COOTHOUIEHUIO yJIoBIeTBOpsieT MHOorousieH (/). Tak kak, mpu ¢uxcupo-
BaHHOM C,, P€30HAHCHBII MHOroOWwIeH AU(PPEpEeHINATIBHOIO YpaBHEHUS

€MHCTBEHHBIN, TO YKa3aHHbBIA U €CTh UCKOMBIM.

Jluteparypa

1 Tomny6Ges, B. B. Jlekiun no aHanuTuyeckoi Teopun auddepeHiu-
anbHbIX ypaBHeHuil / B. B. I'omy6es. — M. — JL.: TUTTIJI, 1950. — 436 c.

2 AGnoBui, M. ConuTonbl 1 MeTOoJ1 oOpaTHOM 3amauu / M. AGnoBwuil,
X. Curyp. — M.: Mup, 1987. — 478 c.

M. B. Kyaaruna
(ITY um. ®. Crkopussl, ['omens)

NCCIEAOBAHUE METOJ0B ONNTPEJAEJIEHUA JIE®OPMALIUN
3YBbBEB 3BOJIbBEHTHbBIX 3YBUYATBIX KOJIEC

3y0yaThie MEXaHU3MBI SIBIIAIOTCS HauOoJiee paclpOCTPAHECHHBIM B Ma-
IMIMHOCTPOEHUU U MPUOOPOCTPOCHUHN BUJOM MEXaHMUYECKUX mepenay. Ta-
KM€ TIepelaur MPUMEHSIOT JIJIs epejayi BpalaTeaIbHOro JBUKEHHUS C O/1-
HOTO BaJjla Ha JPYroil WM s npeoOpa3oBaHus BpallaTeIbHOTO ABUKEHUS
B [IOCTYNAaTeJIbHOE U U3MEHEHUE CKOPOCTH BpAaIlleHUs BaJOB.

B Hacrosiiee BpeMsi 3BOJIbBEHTHBIC MEepeAauy MOTYYHId HauboJsbliee
pacnpoctpaneHre. OCHOBHBIM JOCTOMHCTBOM 3THX IEPEAATOYHBIX MEXa-
HU3MOB, KaK W3BECTHO, SIBJISIIOTCS CPaBHUTENBHO HEOOJbIIME rabapuThl
IIPY 3HAYUTEIBLHOM MepeaaBaeMOi MOIIHOCTH, TOCTOSIHCTBO NIEPEAATOYHO-
ro OTHOIICHUS, HAJCKHOCTh pabOThI U BBICOKUI KOA()(PUIIUEHT MOJE3HOTO
JIEUCTBUA.

[lepenaua Harpy3ku B 3y04aToil mepefade MPOUCXOIUT B pe3yJibTare
CONPUKOCHOBEHUSI OOKOBBIX MpOoduieil conpskeHHbIX 3yObeB. Iloa neii-
CTBUEM CHJI JaBJICHUS 3yObsi HAXOASTCS B CJIOKHOHAIIPSYKEHHOM COCTOS-
Huu. [Ipu sTOM HarpyxaeTcsi ¥ MOBEPXHOCTh 3yOheB (TMHEWHBIN KOHTAKT),
U Becb 00beM 3y0a. [loaToMy paboTOCIOCOOHOCTH MEepenayu OLEHUBACTCS
KOHTAaKTHOM IIPOYHOCTHIO OOKOBOH ITOBEPXHOCTH 3yObEB M OOBEMHOM
POYHOCTHIO 3y0a MPH CI0KHOM HarpyxeHuu. OlieHKa MPOYHOCTH 3yObeB
YCIIOXKHSETCS JEHCTBUEM MEPEMEHHON Harpy3ku Ha 3y0, M3MEHSIOIIEencs
10 MPEPHIBUCTOMY MYJIbCUPYIOLIEMY LIUKITY.
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B nanHoli paboTe paccMaTpuBajIuCh JiBa METOJIa — KJIACCHYECKUM
(Ha ocHOBe TeopeMbl KacTWibsSHO) M METOJ KOHEYHBIX deMeHTOB. Kak
ObLTO TIOKa3aHo B [1] KimaccHueckuii MeTo HanboJiee MPEAOUTUTEIIBHEE,
MOCKOJIbKY METOJI KOHEUHBIX 3JIEMEHTOB UMEET PsiJi CYIIECTBEHHBIX HENO-
CTaTKOB: BBICOKAsi CTOMMOCTh JIMIICH3UM, JTUIIEH3MOHHAS MPUBA3KA K KOH-
KPETHOMY MEPCOHATLHOMY KOMIIBIOTEPY U JP.

Jluteparypa

1 Ownumenxo, B. II. Onpexnenenne odbemHON aedopManiu 3yObeB
nuIMHApUYecKuXx npsaMo3yosix kojec / B. II. Onumenko, b. C. I'ypans,
E.T. Mockanenko // Martepuanbl perioHaAIbHOW HAyYHO-METOANYECKOU
KoH(pepeHnn «MalHOBEACHNE U JeTalld MamuHy, Jlonenk, 25-25 ar-
penst 2000 r. — Homenk, Joul' TV, 2002. — C. 93-95.

A. C. Makcumenko, I'. JI. KapacéBa
(ITY um ®@. Cxopunsl, ['omensb)

CIIEIMAJIBHAS 3AJAYA OIITUMAJIBHOT' O
YIIPABJIEHUA KAK 3ATAYA JIIT

Ha ¢ukcupoBaHHOM MPOMEXYTKE BpEeMEHU | = [O,t*] B KJIacCE KyCOY-
HO-HEMPEPbIBHBIX (PYHKIUN u(t), t eT, paccmoTpum 3agauy OY

c'x(t*)—>max,
x=Ax+bu, x(O):xoeX:{XGR”:Gx:p, d*gxgd*},
HXt)=g, [ult)|<L, teT.

Ecnu B 3as1aue ¢ momomnibio popmyist Komm uckmounts X(t), teT, To

MOJIyYUM 3a7ady JIMHEWHOTO MPOTpaMMHUPOBaHUS B (YHKIIMOHAIBHOM
MIPOCTPAHCTBE YNPABICHUM:

¢'F(t",0)x, +tjc' F(t",z)bu(r)dr — max,
0
HE(t",0 ), +th F(t",z)bu(r)dr =g,
0

GXo =P, Ouj<Xo;<dj, j=1n, |u(t)|<1, teT.
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B 510if 335129 uMeeTcs GeckoneuHoe urcio nepemennbix U(t), teT u

M-+ I OCHOBHBIX OTpPaHWYEHHIN paBEHCTB. C TOYHOCTBHIO 10 UHTErPAlIOB U
CyMM 3aJlaya COBIIQ/IA€T C JUCKPETHOM 3amaueit OV

CiXo + D clthu(t) > max, Hyx,+ > htut)=g, Gxo=f,

teT teT

d, <% <d”, jut) <1, teT ={1...t" -1},
C ToyHOCTBIO 10 0003HaUEHU TUCKpeTHAas 3aaada OY coBmajaer ¢ KaHo-
HUueckoit 3anaueit JII1, 3anucanHoi B KOOpAMHATHOU (hopMme:

c'z—omax, Az=b, d.<z<d,rme z={x,u()}, u()={u(t)teT}

o el e fi] s

A = [HF(t 0) j=Ln]=HA", B(t)=[HF(t"t)o,teT]=HA
=[c’ F( )jzl,_n]:C'At*, c(t)=[c'F(t",t), teT]=Cc'A"
G=[G;,j=1n].

Hcxons U3 3TOTO MOHATHUS U KOHCTPYKIMH aalTUBHOTO METOAA, pe-
menus oomei 3agaun JIIT nepenecens! Ha 3agauy OVY.

B. 10. MeaBeneBa, E. A. PoBoa
(Cpl'Y um. 4. Kynaunsl, ['poaHo)

IMPUBJINKEHUE ®YHKIUHU /1- x> PATIAMU ®YPBE
11O MHOT'OYJIEHAM YEBBIHIEBA BTOPOI'O POIA

Lenpto pa®oOThI SABJISETCS MOJIYYEHUE ACUMOTOTHUYECKON OLEHKH MJIs
npubmKenus GyHKIUKH ~1—X° Ha oTpeske [—1; 1] YaCTUYHBIMH CyMMa-
mu psiga Oypre mo mHOTrOWIeHaM YebbieBa BTOPOTO poja.

ITyctn

2 sin[(n +1)arccos x|
U (x) = N ;
1-x
— OPTOHOPMHUPOBAHHBIE MHOTOUICHBI YeObImeBa BToporo poaa [1].
Sarmmem psjg Pypwe ans dynxupn (X) =+1—x* na otpeske [-1;1}

ViI-x*_YaU (x),

n=0,1,...
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rae a, = \/z .[ f(t)sin [(n + 1)arCCOSt]dt, n=0,1, ...— koappurments Dypoe.
T2

Hanném
1 1 (cos(n-1)r—1 cos(n +1)7z—1j 4
= — ,nheN,a =——. Torna
NP3 n+1( n-1 n+1 ° J2x 8

o Teopeme [1, ¢. 111] cnpaBenuBo paBeHCTBO

4 4 g sin|(2n+1)arccosx]
V1-X = ——— ,xe(-11).
N2r  minE 1-x*(4n’-1) <1y

OrneHnM B3BelIEHHOE paBHOMEpHOe mpubamxenue Gynkuun f(X) ga-
CTUYHBIMU CyMMaMH  MOJIydeHHOro  psga  Dypee. [lycts

£,(X)=v1-x"[f(x)—S,(x),n=0,1,..., rae s (x)=YaU,(x).

Teopema. s npubmmwxenuii pynkuun f(X) =+1—Xx* Ha orpeske
[— 1; 1] YaCTUYHBIMU cymMmamu psga @Dypbe CHpaBeIMBO PaBEHCTBO

n—o xe|-1;1 n

lim n-max e, (x) = E, npuuéM &, (x) < 3, neN.
[-1;1] 7T 7n
Jluteparypa

1 Cyerun, II.K. Kiaccuueckue oOpTOrOoHAJIbHBIE MHOTOYJIEHBI. /
I1. K. Cyerun. — M.: ®usmatnut, 2001. — 480 c.

A. B. Octposckas, B. A. IIpoubko
(I'pI'Y um. 4. Kynansl, I'poanHo)
AHAJINTUYECKHUE CBOMCTBA PEHIEHU CUCTEMBI
NBYX IN®PEPEHIIMAJIBHBIX YPABHEHHWMH C
PALIMOHAJIBHBIMHU ITPABBIMHU YACTSIMHU

PaccMoTpuM aBTOHOMHYIO cucTeMy Au(depeHInaNbHbIX ypaBHEHUH
o (a,X° +a,X* +a,X+a,)y +hX° +b,x* +b,x +b,
cy +d,x* +d,x* +d,x+d,

(@Y’ +ay* ray+a)x+ By + BY + By + B '
YX+8,Y +8Y 48,y +6,

H

1)
y

Uckmtouas y u y' u3 cucremsl (1), mojryduM ypaBHEHHUE
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(3d —bc)x" =cd/x"® —(cb, +ad/ —da/)x'2 — (ba! - ab,)x’ + (cx’ —d)° ax:g, (2)

KO3 HUIIMEHTHI KOTOPOTO onpenensroTes koddduimenramu cuctemsl (1).
CorunacHo IlenneBe ananu3y nqud@epeHIHaNbHBIX YPaBHEHUH BTOPOTO MO-
psAIKa ¢ pallMOHAJIBLHBIMU TPABBIMHU YaCTSIMH, HEOOXOAMMO, YTOOBI TIpaBas
JacTh ypaBHeHHUs (2) ObUTa TOJMHOMOM IO X' HE BBIIIC BTOPOW CTEIICHU
[1]. Paccmotpum ciydau E=0 u E=0, rae
E = 5°x—8,d° - 5,d *c - 5,dc? + 5,¢°. Jlnsa manuuums cBoiicta ITeniieBe y cH-
cteMsl (1) HeoOX0AMMO, YTOOBI
d, =0, d, =0, d, =0, (3)
ecom E#0;
5,=0,5,=0, d,6,#0, 5,= 2%, 5,=1%, (4)
dZ d2
ecii E=0. B cuity cummerpun cuctemsl (1) u yenosuii (3), (4) momyunm
COOTBETCTBEHHO YCJIOBHSI
5, =0,8,=0,8, =0, (5)
d,=0,d, =0, d,5,#0, d, =2, d, =%, (6)
52 52
Hccnemysi COBMECTHOCTh TIOJTyYEHHBIX yCIIOBUM, UMEEM, UTO CIIPABE/I-
JIVBA.
Teopema 1. /[na moco umobwl cucmema (1) umena ceoticmeo Ilennege,
HeoOX00uUMO, Umobbl 8bINoIHAUCL coomHoutenust (3), (B) unu (4), (6).

Jluteparypa

1 Aiiac, 3.JI. OObikHOBeHHBIE guddepeHranbHbple YypaBHEHUs /
2. JI. Aiinc. — XappkoB : THTHUY, 1939. - 719 c.

B. U. [ToamBko, K. A. CMoTpunkmii
(I'pI'Y um. 4. Kynansl, I'poanHo)

HEKOTOPBIE ®YHKIIUHU TOJIMHOMMUAJIBHBIX
N PAIIMOHAJVIBHBIX PA/TIOB ®YPBE

Paznuunbpie cuCTEMBl OPTOTOHAIBHBIX (PYHKIIUNA HUTPAIOT BAKHEUIIIYIO
poJib B TEOpUU NpuOIKeHU. B HacTosiiee BpeMsi akTUBHO pPa3BUBAETCS
TEOpHsl pallMOHAIBHOU amnmnpokcumanuu. [loaTomy nmpobiieMa mocTpoeHus
pallMOHAJIbHBIX OPTOTOHAIBHBIX CHUCTEM (PYHKIMH SIBISETCS TOCTATOYHO
aKTyaJIbHOM.
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B cnydae npubmmkeHus MOIMHOMAaMU BaXKHEHIITYIO POJIb UTPAIOT MHO-
rousieHbl YeObImmERa neproro u BToporo poaa [1]. B panuonansHoM ciy-
Yyae OJHUM U3 UX 000OIIEHUs SBISIOTCS KOCHHYC M CHHYC Jpoou YeObl-
meéBa — MapkoBa [2]. OgHako, B OTJIMYKE OT KJIACCUYECKHX ITOJMHOMOB
YeOpiméBa oHM HE 00J1a/1aI0T CBOMCTBOM OPTOTOHATBLHOCTH.

B nacrosimieit paboTte mokasbIBaeTCs, YTO BO3MOXKHO MOJI00paTh BECO-
BYI0 (QYHKIIMIO TakuM o0O0pa3oM, 4YTOOBl cHHYC aApobOu YeOnimépa —
MapxkoBa yxe Obl 00pa30BbIBAIM OPTOTOHAIBHYIO CUCTEMY.

Iycts a € [0,1). Ina n = 0,1,2, .. paccMOTpuUM ciaeayromme QyHKIHNA

X+a 1+ax

1+ax Jl_x:Jl_a:
Teopema. Cucrema panMOHaNBHBIX CHHYC Jpobeit YeOnimeBa —

Mapkosa {N (x)}, sBasieTcst opToroHaibHo# Ha orpeske [—1,1] ¢ Becom

Ji—xz (1-a2)?

(1+ax)’

,—lzx < 1.(1)

N,x) = siu[{n + 1)arccos

h(Q, X) =

X E [—1; 1]

B CMBICJIC

0, m =n.

1
Inm= [lwn{x]wm{x]h{:‘t! aydx = {E m=n=>=20
2" '

OueBupHo, yto ecnu a = 0, To N, (x) IpeacTaBIIsItOT COO0M MHOTOYJIe-
Hel YebbimeéBa Broporo poaa, a a(0.x) = a0 =+v1-x* — COOTBETCTBYIO-
[IIUH YeOBIIEBCKUI BEC.

Jlureparypa

1 Cyoarun, II. K. Knaccudeckume opToroHambHbIE MHOTOWICHBI /
I1. K. Cyatun. — M. : ®uszmariut. 2005. — 480 c.

2 MapkoB A. A. Uzbpannsie tpyast / A. A. Mapkos. — M. : T'octe-
xu3aar. 1948. — 412 c.

A. B. IlyTsTo, K. A. CMmoTpunkui
(I'pIl'Y um. 4. Kynansl, 'poano)

HNHTEPITOJALINOHHBIE PAITMOHAJIBHBIE
KBA/IPATYPHBIE ®OPMYJIbI

3agaya TOCTPOEHUS KBAJpaTypHBIX (OPMYN SBISETCS aKTyaJlbHOMU
npobsiemolt Teopuu mnpuOIMKeHHi. [lommHOMUANIBHBIE KBaJpaTypHBIC

23



Marepuansl XX Pecriy0innkaHcKkoi HaydHOW KOH(QEPEHIIMU CTYACHTOB U aclIPAHTOB
«HoBbIe MaTeMaTH4eCKUE METOBI M KOMITBIOTEPHBIE TEXHOJIOTHH B IIPOCKTUPOBAHNUH,
IIPOU3BOJICTBE U HAyYHBIX HcClIe0BaHUAX», ['omens, 20-22 mapta 2017 .

dbopMyJIBl  IOCTAaTOYHO Xopomio wu3ydeHsl [1]. Uto xe Kacaercs
panMoOHAIBLHOTO Clydasi, TO CIEQyeT OTMETUTh, MOSIBICHHE OOJBIIOTO
KOJIMYeCcTBa paboT B mociennee Bpems [2]. OgHako B 3TOM ciliy4ae BbI-
YUCIUTEIBHBIN MPOIECC 3HAYUTEIBHO YCIOXKHACTCS TEM, YTO HYJIH CIIe-
[IUATBHBIX PallMOHATbHBIX (PYHKIHUH (Y376l KBaApaTypHBIX (GOpMYJ) HE
BBIUUCIIAIOTCS B SIBHOM BHje. B Hacrosiieit paboTe clenaHa MOMbBITKA
peleHus: 3To mpodsiembl. UMEHHO paccMaTpUBaIOTCS YacTHBIE Clydyau
panoHanbHbIX (yHKIUNA YeObiméBa — MapkoBa, KOTOPBIE MO3BOJISIOT
aQHAJIMTHYCCKN HAWTH UX KOPHH.

Iycts ay =ia,a,,, = -ia,a > 0.k = 1,2, ...n. B aTOM city4ae, Kocu-
Hyc-poObYeOniméBa — MapkoBa onpeaensercs cieayromiei Gopmyoit:

n € M.

2X% + @*x*-1
M) = CDs(ﬂ aArccos ),

1 +a@3xs

Hecnoxuo Halitu, uto QyHKIUS M., (x) uMeeT 2N BEIICCTBECHHBIX KOP-
HEH, onpezensieMbIx o Gopmyie:

14 cosB,, 6, =M k=12, ..n

xk:iJZHFﬁ—CDsEk)’ an

B pabote u3ydaroTcsi panydoHalbHbIE WHTEPIIOJSIIMOHHBIE KBaJapaTyp-
Hble (OpPMYJIbI, B KayeCTBE Y3JIOB KOTOPBIX BBIOMpAIOTCA 4YHUCIA X,
k =12, ...n. [lokazana 3pPeKTUBHOCTh TaKUX (POPMYJ MO CPAaBHECHHIO
MOJIMHOMUAIIbHBIMU aHajoramu. M3ydeHsl Takke HEKOTOphIE APYrue Ciy-
yau BIOOpa mapamMeTpoB dy, .

Jluteparypa

1 Harancon, W.II. KoucrpyktuBHas  Teopus  GyHKIMA  /
N. Il. Haraucod. — M. — JI: T'ocrexusmar. 1949. — 688c.

2 Rouba, Y. Rationalquasi-Hermite-Fejer-typeinterpolationand-Loba-
tto-typequadratureformulawithChebyshev-Markovnodes /Y. Rouba,
K. Smatrytski, Y. Dirvuk // Jaen Journal on Approximation. — 2015. —
V. 7(2). - P. 291-308.
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M. B. Cuaopuos, A. A. /Ipane3a
(ITY um. ®@. Cxopunsl, ['omenp)

AIINPOKCUMAILINH SPMUTA-TIAJIE BbIPOXKJIEHHbBIX
I'MIEPTEOMETPUYECKUX ®YHKIIUAN

PaccMoTpuM HabOp BRIPOXKICHHBIX THIICPTEOMETPUYECKUX (PYHKIIHI
. © AP

ij (Z)=1F1(1!7;2’jz) = Z J
p=0 (7) p

e Y — IPOU3BOJIBHOE KOMIUIEKCHOE YKMCIIO, IPHUHAIICKAIIECE MHOKECTBY
C\{0-1-2...f, (o=L(), =r(r+1..(r+p-1) — cumson Iloxrammepa, a

{ﬂ, J. }L — pa3IMYHbIE KOMILUICKCHBIC YK CJIa HE PABHBIC HYIIIO.

2, j=12,..k

[Ipu y = 1 nanHblil HAOOp MPEACTABISIET COOOM CUCTEMY SKCIIOHEHT
7 |k
e 111

B nanHOl paboTe yCTaHABIMBAIOTCA aCUMIOTOTUKU PAaBHOMEPHOM CXO-
JAMMOCTH JTMarOHAJIbHBIX anmpokcumanui =) ,.(.F') k QyHknun F' mnpu

n—oB TOM Cilydae, KOrJa 4ucia {/11. }?:1 PaBHOMEPHO PACIIPECIICHbl HA
CIMHUYHOM OKPY)KHOCTH, T.€. SIBJISIIOTCS KOPHIMH ypaBHeHUs A* =1 [2].
CropaBe1JIMBBI CIEIYIOIIUE TEOPEMBI.
Teopema 1. IIpu n— o pagnomepno na arooom komnaxkme uz C, mo-

eoa npu k=1 P,(z;F,)—>F (2)e 2, anpu k=2 Pl(z;F))>F)(2).
Teopema 2. Ilpu nrobom ¢huxkcuposannom Z un — o

kn+n+1

R) W (zF)) = (-1)"x/ " 27"B, L ML O(/N)), j=12,...k

kn+n

20e B, = ——2”” e™t) = | 27 K
nS"(x,) nk/(k +1)%2 | §/(k +1)**

Teopema 3. llpu nto60om huxkcuposanuom Z un — o
5,
j j . Jy nyr-19n+l an+”+l 2j(1-x)z ﬁ H
F (2) -7}z F)) = ()" 2)"B, Te 7% 1 (14.0(1/N)), j =1,2,....k
Y kn+n

Jluteparypa

1 Huxumun, E. M. PanuoHanbHbIe alMpOKCUMAIIMM U OPTOTOHAJb-
HocTh / E. M. Hukumun, B. H. Copokun. — M.: Hayka, 1988.
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2 CrapoBoiiToB, A. Il. AcMMNTOTHKAa KBaIpaTUYHBIX aNMpOKCHUMAIUN
Opmurta-Ilage sxcnionennmanbubix Gyukuit / A. I1. Craposoiitos // [1po-
OneMbl GU3MKH, MaTeMaTUKH U TeXHUKU. — 2014, — Ne 1(18).

. FO. CuHu4YeHKo
(ITY um. ®. Crkopunsl, ['omenb)

Ob UHTEI'PAJIBHO-PASHOCTHbBIX YPABHEHUAX
HA IOJIYOCH

B pabote paccmarpuBaeTcs oneparop Buia

(Ax)(s) = | XD =XO) g
o t¢

Onpenenenne. Oynxuus |(p) = | kO —Z2(e ¥ —1)dt, ecnu uHTErpan
0 t%
CyLLECTBYET, HA3bIBAETCSl CUMBOJIOM MHTErpajbHoro oneparopa At >0).

k(t
Teopema 1. [lycts QpyHKUIHS % uHTEerpupyemMa Ha R+ u cymiectByer

t
CHMBOJI HHTETrpasibHOTO orneparopa A, 1(p)#0 u t>0.

Torma mist mo6oit yukwm f u3 Ll(R+) ypaBHEHUE

TXE=0=X6) 1yt = £(s)
o t¢

nMeet B mpoctpanctse L'(R,) exuHCTBEHHOE pelieHue

o0

X =5 J,F((Ff’)) ePlap:

Teopema 2. Ecmu ka(t) :=&;)e Ll(R+), a t>0, To omepatop A

t
orpaHuueH B mpoctpaHctBe I'€nbaepa Lip (R ), ¥ €ero HOpMa YyJOBIIC-

TBOpsieT HepaBeHCTBY |A| < (Hk(t)‘dt +2 j‘ ( )‘dt)HXH
0 0 t¥
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AHaJIUTHYECKHE U YHUCIICHHbIE METObI UCCIIEIOBAHMS B MAaTEMaTHKE
Juddepenunansubie ypaBHEHUs, MAaTEMAaTUYECKUI aHAIIU3 U YUCIIEHHbIE METOIbI

H. A. lleiixo, E. A. PoB0a
(I'pI'Y um. 4. Kynansl, 'poaHo)

OLIEHKA NNPUBJIMKXEHUSA ®YHKIUMI

[Touck TOYHBIX METOJIOB MPEACTABICHUS CIOXKHBIX (DYHKIIMH, MOJIUHO-
MaMH JTUOO ApyruMu 0oJiee MPOCTHIMU (DYHKIIUSIMH, UTPAECT HEMaJIOBaX-
HYIO POJIb B MaTeMaTHKe, TaK KakK, HallJi1 TaKoe MPUOIMKEHHUE, Mbl MOKEM
u3y4yaTh CBOMCTBA U MOBeJeHUE (PYHKIUU, paboTas HE C HUMHU HETOCPE/I-
CTBEHHO, a C UX MPHUOIMKEHHUEM.

KonkperHas ornenka npuOIMKeHNs BCET/Ia BhI3bIBAJIa MHTEPEC Y MaTe-
MaTukoB. [lepBbiM Haubosiee SPKUM M 3HAUYMMBIM BBIBOJJOM B 3TOM
HanpaBieHuu sBisierca BbiBOJ C.H.bephiureitna o npubivxenun (yHK-
UK |X| anreOpandecKMMH MOJMHOMAaMH Ha oTpeske [-1;1].

B moeli pabore s Haxoxy pan Dypoe-UebObimeBa i QyHKIUAU

£2) :{ 0,xe[—1;0]

, @ TaK )K€ OIICHUBAIO MPUOJINKCHHUE €r0 YaCTHY-
ax,xe[0:1] aeR

HBIMH ~ cymMMaMu. Takum  obpasom  f(x)~ 2> ,C,T(x),, TIE
Ch-koadunments Dyprwe, a T(x),-OpTOroHaNbHbIH MHOTOUWIEH YeOblIie-
Ba l-To pona.

B xome pacuéroB momyuaeM uto kod(pdunmeHtsl Dypbe pas-

2a(- 1)m 1 VT
o == === — nCi=a—=
Hbl: L . k 2m, Cp = a P b | 23 B utore psin
®ypbe-YeOnimena 11t Moel PYyHKIIMK UMEET BUI:
+oo
1 + ax a(—1)™ 5
— —— ) ————cos2marccosx
2 ) 4m? —1
m

Jlanee nmpousBens OLEHKY IPHOIMIKEHHS IIOIyIaeM, U4TO
+oo
) = Sa(0)] = 22
£= max |[f(x) -5, (x)| =— S
—1=x=1 f n(x) T 4m? —1
=[n/,]+1

Ilocne vero npousBens HpeO6pa3OBaHI/I}I U Tepeis K mpeaeny noiy-
1

uaem, uro max |f(x) =S, ()l =— « 2[Fey: ¥ MOAHECH B penen nomya-
€M 3HAUYCHUE llm n max |f(x)— S, (x)] = ?, YTO SBJISIETCS TOYHBIM
—+ 00 —_ =

3HA4YCHUEM JaHHOTI'O HpI/I6J'II/DKeHI/IH.
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Jluteparypa

1 Harancon, W.II. KoucrpykTuBHas Teopus  pyHkmuii  /
. I1. Hartancon. — M.: I'oc. U31aT€NbCTBO TEXHUKO-TEOPETUUECKOM JIUTE-
patypsl, 1949. — 199 c.

2 ®uxtenronsll, I'. M. Kypc nuddepeHnumaibsHOro 1 HHTErpaibHOTO
ucunucienusa. T. 3 /. M.®uxrenroinsi. — M.: @uzmariut, 2005. — 684 c.
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AHanuTHYECKHE U YNCIICHHBIE METOJAbI HCCIICAOBAaHUSA B MAaTEMATHUKE
TeOpI/IH BepOHTHOCTeﬁ N MaTEMATUYCCKasAd CTaTUCTHKA, TCOPHUA MaCCOBOI'O O6CJ'Iy>KI/IBaHI/IH

AHAJIMTUYECKHUE U YUCJ/IEHHBIE
METOIbI UCCJIIEJOBAHUA
B MATEMATHUKE

Teopus eepoamnocmeit u
Mamemamuyeckas CmamucmuKa,
meopus Macco8020 00CaAYHCUBAHUA

B. I'. AneiinukoBa, A. O. I'aaunkas, M. A. MaTtaablnkuii
(I'pl'Y um. A. Kynaunsl, I'poano)

UCCJIEJOBAHUE OTKPBITOM CETH OBCJIY KUBAHUSI
C OTPAHUYEHHBIM YN CJIOM 3ASBOK M CJIYUYAMHBIM
BPEMEHEM OXKXUJAHUSA UX B OYEPE/IAX

HccreqyeM OTKpBITYIO ceTh, coctosunyio u3 N cuctem (CMO), ¢ oxHo-
TUIHBIMU 3asgBKaMH, OOILEEe YHMCIO KOTOPBIX OTPaHUYEHO KOHCTaHTOM K.

ITycte S, — BHemH:s cpena. O0o3HaunM yepes P = H pin MAaTPHUILy BEPOSITHO-
creit mepexoaoB Mexxay CMO, 0 < p; < 1, i p;, =1, i, ] =(ﬁ,. [Ipenmnomo-
j=0

KHUM, 4TO CUCTEMa S, UMeeT M, JUHHUHM 00CIyKUBaHMs, OOCITYKMBAFOIINX

3asIBKH TI0 TI0Ka3aTeIbHOMY 3aKOHY C HHTEHCHUBHOCTBIO £, 1 =1,n. B cucre-
My S, MOCTyINaeT NPOCTEUIINI MOTOK 3aBOK C MHTEHCUBHOCTBIO A . 3asBKa,

3aBepInaroas 00CTyKHBaHKUE B CHCTEME S, C BEPOATHOCTRIO Py, J=1,n,

MEPEeXOaUT B CHUCTEMY S, HIM C BEPOATHOCTBIO [, MOKHIAET CETb,
n

2 Py, =1. JlnurensnocTh npebbiBanus 3a8BOK B ouepenu i —oi CMO sBns-
j=0

€TCs CIIy4YalHOM BEJIMYMHOW, PACIPENCICHHONW MO JKCIIOHEHLMAIbHOMY 3a-
KOHY C ImapamMerpoMm v, i =1,n. 3asBKa, BpemMs 0XKUAaHUSA KOTOPOU B odepe-

JIM CUCTEMBI S; HUCTEKIIO, IEPEXOIUT B OYEPEIb CUCTEMBI S ; C BEPOSITHOCTHIO

i » 0< a; <1, Zn:qij =1, i =ﬁ, j = 7 CocTosiHUE CETU ONpeAensieTcs
j=0
BEKTOPOM
(1) = (K, (), k, (1).....k, (1)), o
rae K. (t)— uncno 3asBok B cucteme S; B MomeHT Bpemenu t, i=1n.
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OcHOBHas 3a1ada MCCIIEIOBAHMS — ACUMIITOTUYECKUN aHAJIU3 MapKOB-
ckoro mnpotiecca (1) npu ycnoBuu 00bIION 3arpy3Ku CETH 3asBKaMu. BriBe-
neno nuddepennmansHoe ypaBHeHue (1Y) B 4acTHBIX MPOU3BOTHBIX, SBIIS-
romeecst ypasaenueM KonmoropoBa — ®okkepa — [lnanka mig mioTHocTH
pactipeneneHust BepostHocTel nporecca (1). [lonydyena cucrema OOBIKHO-
BEHHBIX JUHEUHBIX 1Y nepBoro nopsaka ajs CpeIHUX 3HAYCHUN KOMIIOHEHT
BEKTOPA COCTOSIHUSA CETH.

C. A. Ayaxko, M. A. Martaablukuii
(I'pl'Y um. A. Kynansl, 'poano)

ACI/IMTO"[H‘JECKI/IFI AHAJIN3 1 ONTUMMUM3ALIUS
MAPKOBCKOW CETU MO C OJJHOTUIIHBIMHU 3ASIBKAMU
U EE IPUMEHEHUE

PaccmoTpuMm Mojiens, KOTopasi MOXKET OBITh TPUMEHEHA JIJIsl pEIIeHUs 3a-
Ja4i ONTUMH3aIUUA (PYHKIIMOHUPOBAHUSI OpUTaj bl HACTPOUIIIMKOB y37a CBSI-
3u. MoJienblo SBISETCS 3aMKHYTasi CETh MAacCOBOrO OOCTY>KMBaHHUA C I€H-
TpasibHOUM cucteMoil. O603HauuM uepe3 K — 4mciio yCTpOWCTB, HACTPOUKY
KOTOpBIX OCylIecTBIsA0T L, =N —1 HacTpoliMKOB y31a CBsI3U, KOTOPbHIE 3a-
HUMAIOTCS: HACTPOUKON M MOAKITIOYECHUEM K pab0Te pa3IMYHBIX YCTPONCTB,
peMOHTOM TenehOHHOW JIMHUM, YCTPAaHEHHEM HEIOoJIa oK TeledoHa y KUTe-
JIeW M opraHuszanuil paitona. Kaxmoe u3 yCTpolucTB MOXKET HAXOAUTHCS B O11-
HOM U3 creayromux coctosHuii: C, — He TpeOyromem HacTpoiiku (pabouee
coctosnue), C, — tpeOyromeM HacTpoiiku, C, — yCTpOHCTBO HACTPOEHO, HO
HE MOJIKJIFOUEHO K padboTe. BepoaTHOCTh epexoia yCTpOHUCTBA U3 COCTOSTHUS
C, B cocrosiune C, Ha mHTepBaie BpemeHu [t,t + At] paBHa g (t)At+ 0(At),
rae 4, (t) — MHTeHCHBHOCTH Takoro mepexona. BpemeHa BOCCTaHOBJICHHS
yCTpPOWCTBA M BpeMeHa MeXxy nepexoaaMmu ero u3 cocrosiuusi C, B cocTos-
nue C; pacrmperneneHsl N0 MOKa3aTeIbHOMY 3aKOHY C Pa3JIMYHBIMU MapaMeT-
pamu. bynem mpeanosnararh, 4To C€Th B MOMEHT BpeMEHH t HaXOAHUTCS B CO-
crosanu K(t) = (K, (t),k,(t)), ecnu B 3TOoT MOMeHT Bpemenu K (t) ycrpoiicTs
HaXOJATCS B HEPabOUeM COCTOSHUH TI0 TIPHYMHE BBIXOJA UX U3 CTpos, a K, (1)
ycTpoicTB HaxoxasTcss B coctosnun C,. BBenem crienyromme cTOMMOCTHBIE

kodhdummmenter: D,— mpubbuth OT pabOThI OMHOTO paboOyYero yCTpOWCTBA

0
B €MHUIYy BpeMeHU; D, — moTepu oT mpocTosi OHOTO YCTPOWCTBA, KOTJa OHO
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Haxoautcs B coctosinuu C,; E, — crouMocTh conepkanusi 0AHOrO HacTpOU-

IIMKa B €IUHHUIY BpeMEHM (3apabdoTHas IjiaTa, CTOMMOCTb HEOOXOIUMOIO
JUIsL HACTPOMKHK 000pyI0BaHMs). 3a7a4a ONTUMHU3ALNN YKCciIa HACTPOUIIUKOB
CBOJIUTCS K 3a/laye MUHUMU3aluu (yHKLIHOHAIA:

W(T) =W (T,n) :%][Kidini (t)+ EL]dt,
rred. =D, + D, n (t) = M{k 1)/ K}, | ) = M{L, /K}, i =1,2.

1. 5. Komats, M. A. MaTtajabluKui
(Ipl'Y um. 4. Kynaunsi, ['poaso)

AHAJIN3 G-CETH CO COYYAWHBIM BPEMEHEM
OKUJIAHMS NOJOKUTEJLHBIX U OTPULATEJIBLHBIX
3ASIBOK U JIOXOJIAMHU

PaccmarpuBaercss mapkoBckasi G-ceTb MaccoBOro oOCIyKUBaHUS C TO-
JIOKUTEIIbHBIMUA U OTPULATEIIBHBIMH 3asBKaMU U JA0XOJAamu. B ceTh mocry-
MAlOT JBa MPOCTEUIINX MOTOKA MOJIOKUTEIBbHBIX U OTPUIIATEIbHBIX 3asBOK.
OOcayxuBaHusl TPeOYIOT TOJIBKO MOJIOKUTEIbHBIC 3asBKU. Bpems oxuna-
HUSI 3aBOK B KaXJIOW CHUCTEME OIPAaHWYCHO CIYyYaMHBIMU BEJIMYUHAMU,
VMEIOIIMMHU TI0KAa3aTEIbHOE PACIPEICIICHUE C PA3JIMYHBIMU IMapaMETPAMMU.
OTtpuuarenbHas 3asiBKa, BpeMsl 0)KUIAaHUS B CUCTEME KOTOPOH 3aKOHYMIIOCH,
YMEHBIIAET KOJIMYECTBO MOJI0KUTEIBHBIX 3a5BOK B CHCTEME HA €IUHUILY, €C-
JIA TaKUE €CTh B cucTeMe. HaliieHbl BEpOSITHOCTH COCTOSIHUM CETH, 3aBUCH-
M€ OT BPEMEHH, U CPEIHEE YUCIIO 3a5BOK B CUCTEMAaX CETH, TaKkKE 3aBHUCS-
1IEr0 OT BPEMEHHU.

JIns HecTalMOHAPHBIX BEPOATHOCTEW COCTOSIHUW CETH BBIBEJCHA CHCTEMA
pasHoctHO-Aud depennnanbubix  ypaBHeHud Kommoroposa. [Ipemioxkena
METOJIMKA HAXOXACHUSI BEPOATHOCTEU COCTOSIHUM M O0XUJAEMBIX JTO0XOIO0B
vuccienyemMon ceru. Hawnmensl aucnepcru JOXOAOB CHCTEM TaKOW CETH
B CJIy4ae, KOrJa JI0XOJbl OT MEPEX00B MEKY COCTOSIHUSIMU CETH SIBIISIFOTCS
CIIy4YallHBIMM BEJIMYMHAMU C 33JaHHBIMU CPEIHUMHU 3HAYEHUSIMUA, MOMEHTAa-
MH MIEPBOTO U BTOPOTO MOPSJIKA.

PaccmarpuBaemas G-ceTb MOXKET OBITh MPUMEHEHA MPU MOJICIIUPOBAHUU
GbyHKIIMOHUPOBAHUS WH()OPMAITMOHHBIX CUCTEM M CETEH, KOTAa MpH mepesa-
Yye 3aMpoca 4acTO yCTAHABIMBAETCS MEPEPHIB WIH Nay3a, UCTEUEHNE KOTOPOU
O3HAYaeT, YTO Mepeaada 3ampoca He YKIAIbIBACTCS B IJIAHUPYEMbIA HUHTEP-
BaJl BPEMEHM, MOCIE YEro 3amnpoc (MOJIOKUTENbHAs 3asBKa) yAAISETCA U3
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ouepenu. OTpuLaTenbHbIE 3asIBKU, PACCMAaTPUBAEMON MOJIENTM MOTYT OIMCHI-
BATh KOMIIBIOTEPHBIE BUPYChI, KOTOPbIE HAUYUHAOT JIEMCTBOBATH YEPE3 CIIy-
YalHOE BPEMs M YHUUTOXKATh 3alPOCHI B CUCTEME.

T. C. PyabkoBa, C. I'. ExuneBckmnii
(IIT"Y, HoBomonor1k)

CXEMA BEPHYJIJIN KAK CJIYYAWHBIA TPOLECC

BeposTHOCTE m yCIEXOB B n HE3aBUCHUMBIX HCIBITAHUSX ONPEACIICTCS
dbopmynoit bepnymu [1]:
P(n,m) =C'p"(~p)"". (1)

Jist OonbIIMX n BbIYMCIEHHE C|' CTAaHOBUTCS NpoOiemoil. UToObl 3TO

O00ONTH HCTIONB3YIOT TpeneiibHble Teopembl Jlammaca, KoTopble, HE BCeraa
o0ecneunBaroT TpeOyeMyr0 TOYHOCTb. Takxke, eciu n pacrter, cxemy bep-
HYJUIX MOKHO paccMaTpUBaTh KaK CIy4YallHbIM MPOLIECC C AUCKPETHBIM Bpe-
MeHeM. [loaTomMy, MOXHO BBISICHUTH ACMMITOTHUKY MpoOIecca, 0OyCIOBIICH-
HYIO ACUMMETPHSIMU U SKCLECCAMH 3aKOHA PACIIPECIICHNUS.

Bces undopmanius o 3akoHe pacrpeiesieHus m COACPKUTCS B HAYaJIbHBIX
MOMEHTAX:

vk(n)zzn:mk-P(n,m), (k=0,1..). (2)

UccnemyeM acHMMETPUHU U DKCIIECCHI M, UTOOBI OMPEAEIUTh aCUMIITOTH-
Ky npoliecca:
k-1 k-1
Austnp) =3 220D e -3 (3)
Cornacho (2), (3) npu n— o acCUMMETPHUS U IKCLIECC UCUE3al0T, YTO Xa-
PAKTEPHO JJI1 ACUMIITOTUYECKHU rayCCOBCKOTO MpOIIecca.
BrrsicHuM BKIIa[ aCUMMETPUN U DKCIIECCOB MPOU3BOJIBHBIX MOPSAAKOB. U
MOJIyYHM, YTO CTapliasi CTENEHb IMTOJMHOMOB paBHA KOJIWYECTBY JIMHEMHO HE-

3aBUCUMBIX YPaBHECHHM, [T0Oy4aE€MBbIX JUJIS BBIYUCICHUS C, ;!
1+1

Pa1(X) = Z XZMCzH, dnr Pa(X)= Z X2iC2|, 2i (l =1,2,..), (4)

ﬂk(n):Zn:x(n,m)k-Po(n,m)(1+iMj . (k=0,1..). (5)

U(n)k m=0 = U(n)l

HOBTOMY JJI HEUYCTHBIX ITOJIMHOMOB UMEEM.:
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Cotoin = a2 (P) . (_1)MCIi ( Con } , p()y=2-4-....2I. (6)

o) oi+1) " li=041, ..,
Torma i YETHBIX TTOJIMHOMOB
= Faaaay(P) (<D)MC, 1=12,.. 7
21,21 — ) . . - . ( )
o(l+1) (i) i=01..1+1

B pesynbTaTte, OTHOCUTENbHAS MOTPEIIHOCTh ACUMITOTUYECKOU (hopmy-
JIbl HEOTPAHUYEHHO BO3PACTAET U MOJIb30BATHCA €0 HEJb3S.

Jluteparypa

1 TI'mypman, B. E. PykoBojacTBo k pemieHuro 3agad mo TB U Mc /
B. E. I'mypman. — M.: BBICIIIA A [IIKOJIA, 1975. — 334 c.

K. M. Cunn4yeHko
(ITY um. @. Ckopunsl, ['omens)

OJHOPOJHOCTbH TECTOBBIX 3AJJAHUH 11O TEME
«TEKCTOBBIE 3ATAYH HA IBUKEHME 110 BOIE»

JIyist uccneaoBaHusi OTHOPOTHOCTH M BAJIMTHOCTH Pa3pabOTaHHBIX TECTO-
BBIX 3a7aHui MO TeMe «TeKCTOBBbIE 3aJayd Ha JBUKEHHUE MO BOJIE» OBLIO
MPOBEJICHO MPOOHOE TecTHpoBaHWE B cpemHer mkoiae Ne 8 1. ['omens
(7 xmacc) u B ropojckom Jjuiiee r. Peunirsr (10 kimacc). PesynbTaThl TecTHpO-
BaHUS OICHUBAJIUCH MO JECATUOAUILHOM cucTeme, 1o 1 Oamry 3a Kaxaoe
BBITIOJTHEHHOE BEpHO 3ajaHue. Ha pucynke 1 mpuBeaeHa rucrorpamma ya-
CTOT UHAUBUAYAJbHBIX TECTOBBIX OAJJIOB OLICHOK, OOYYaIOIIMXCS B JIUIIEE U
B cpeanedt mkosne. [lo ocu aGcuuce OTIOKEHBI Oallibl, a O OCH OPJIUHAT —
COOTBETCTBYIOIIUE YACTOTHI.

[
(=]

@ Jlnuen

B Ulkona

O B N W H U O N 0O
IR

Pucynok 1 — I'ncrorpamma gactor
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[Tomy4yeHHsIil pa3Opoc O1eHOK B cpenHel mikosne Ne§ mokaspIBaeT, 4TO CO-
CTaBJICHHBIE TECTHl KOPPEKTHHI AJisi 00yJaromuxcsi Ha 6a30BoM ypoBHe. [lo-
CKOJIbKY OCHOBHAsl 4aCTh 3aJIaHUI ObLJIa PEIPOJAYKTUBHOTO YPOBHSI, TO 3TUM
U O0BACHSIETCS HAOJI0/1aeMO€ CMEIICHUE YacTOT MOTYUYCHHBIX OAJJIOB HA Te-
CTUPOBAHUM B CTOPOHY yBeJMUeHUs B juiee. ClieloBaTeIbHO, ONPEISTUIICS
BO3PACTHOM JMana3oH MPUMEHEHUs ATUX TecToB. JlJis manbHeiero uccie-
JIOBaHUS MOJYYEHHBIX PE3yJbTaTOB OCYIIECTBICHO UX JBOMYHOE KOJAUPOBa-
HUE: 3aJlaHue penieHo BepHo — 1, 3aganue pemieHo He BepHO — 0. [Tockonbky
BBIOOpPKA CIIUIIKOM Masia (44 00ydJaroniuxcs), TO BOCIOJIb3yeMcsl HelmapaMmeT-

PUYECKUM METOJIOM CTATHCTHYECKOTO HCCIICNOBAHUS: KpPHUTEPUEM  y~.
Habi1r0/1aeMoe 3HaUYeHHE CTATHCTUKU B CpeHeil mkoie pasuo y.. =3175,
Z., =16,92. Tak xak, g,

> ¥> MOXHO TOBOPUTH O XOPOILIEM KauecTBE CO-
nabn Kp

CTaBJICHHOTO Tecta st 7 khacca. Jis munencroB y° =7,88. Tak kak
X< X.» MOKHO TOBOPUTH O TOM, YTO COCTABJICHHBIH TECT HE TIOIXOIMT

KaK TeCT y4eOHBIX mocTmxkeHud s 10 kmacca. Takum obpazom, pazpabdo-
TaHHBIC TECTHI SBJISIOTCSA TECTaMH PyOEKHOTO KOHTPOJISI 3HAHUM Ha 0a30BOM
YpOBHE 00yUYECHHUS.

. A. Cmoabckuii, A. A. CaHbKO
(BI'AA, MuHCK)

AHAJIN3 DOOEKTUBHOCTHU METOJOB IIPOI'HO3UPOBAHUSA
TEXHUYECKOI'O COCTOAHUSA TYPBOKOMIIPECCOPA
I'ASOTYPBUHHOI'O IBUT'ATEJIA

AHanu3 OTEYECTBEHHBIX W 3apyOeKHbIX MyOJMKAIUMi MOKa3bIBAET, YTO
BOIIPOCAM KOHTPOJISI TEXHUYECKOTO COCTOSHMS Ta30TYpOMHHOIO JIBUraTesst
(manee — I'T/T) B akcrutyaTanuu npuaaercs Oosbinoe 3Hadenue [1-3]. [Ipu
TOM TpeOyeTcsi HE TOJbKO KOHCTAaTUPOBATH (PAKT HAJUYMUS HEUCIIPABHOCTH,
HO ¥ BBISIBUTH €€ Ha PaHHEH CTaJNH U CIIPOTHO3UPOBATh €€ pa3BUTHE.

B mporiecce nccnenoBanuii mpoBeaeH aHaau3 3(PGEKTUBHOCTH CYIIECTBY-
IOLUX METOJOB TPEHIOBOTO KOHTPOJIS U TPOTHO3UPOBAHUS TEXHUYECKOTO CO-
crosuust BeprosietHoro I'T/] mo ammuurygam ero BHOPOYCKOpPEHUs, peru-
CTPUPYEMBIX B JIMAIIa30HE YACTOT BPAILEHUS POTOpa TypOOKOMIIpeccopa.

Haunyudinue pe3yiabTaThl IO NPOTrHO3WPOBAHUIO 3HAYEHUHN UArHOCTHYE-
ckoro npusHaka (manee — JII1) npu tpenne mapamerpos Bubpanu